In this paper we consider the second-order linear difference equations with variable delays
Introduction
In the past few years, oscillation and non-oscillation theory of second-order linear and nonlinear difference equations has attracted considerable attention, and we refer the reader to the papers of Diblik et [] . Some sufficient conditions of oscillation and non-oscillation of second-order difference equations can be found in the papers by Lei [] , by Li and Jiang [] , by Zhou and Zhang [] , and the references therein.
Consider the second-order delay differential equation of the form Consider the second-order difference equation of the form
where n  ∈ N, N is the set of positive integers and {P(n)} is a sequence of real numbers.
The following result is a sufficient condition for the existence of non-oscillatory solutions of equation () and it is demonstrated in the paper [] .
for all large n, then equation () has a non-oscillatory solution.
Consider now the second-order difference equation with variable delays
where n  ∈ N, N is the set of positive integers and the following hypotheses are satisfied:
} is a sequence of real numbers for i = , , . . . , m and n ≥ n  ; (H  ) {k i (n)} is a sequence of positive integers such that k i (n) ≤ n for i = , , . . . , m and n ≥ n  . http://www.advancesindifferenceequations.com/content/2013/1/82
Let M ≥ n  be an arbitrary natural number and set
By a solution of equation () we mean a sequence of real numbers {a(n)} defined for n ∈ N M , which satisfies equation () for all n ∈ N M . A nontrivial solution {a(n)} of equation () is said to be oscillatory if for every ν > n  , there exists an n ≥ ν such that a(n)a(n + ) ≤ . Otherwise, it is non-oscillatory. Thus, a non-oscillatory solution is either eventually positive or eventually negative. The basic idea in the paper is to use the Riccati transformation technique by the substitution
where {a(n)} is a solution sequence of equation (). This transformation leads to the generalization of the Riccati-type equation associated with equation (). The aim of this paper is to prove theorems for the existence of positive solutions of equation (), using the Riccatitype equation associated with equation (). The obtained results are discrete analogues of results given for some differential equations and generalize results given for second-order linear difference equations with constant delays or without delays.
. .} and
where {μ(n)} is a fixed positive bounded sequence. Let {x p (n)} denote the sequence of sequences defined for all natural numbers n ∈ [n  , ∞) and p = , , , . . . . 
Main results
First, we apply the Riccati transformation and show the relationship between equation () and the Riccati-type equation ().
Lemma  Assume that conditions (H  ) and (H  ) hold. Then the following statements are equivalent.
(a) Equation () has an eventually positive solution. http://www.advancesindifferenceequations.com/content/2013/1/82
Proof (a) ⇒ (b): Let {a(n)} be the solution of difference equation () and suppose, according to the hypotheses, that a(n) >  for n ≥ M ≥ n  . It will be shown that the sequence {λ(n)} defined by
is a solution of the Riccati-type equation () for n ∈ N M . Expressing a(n) from () and applying the difference operator to the transformed equality, we get that
It follows from the first equality of () that
and hence the following equalities are valid:
By dividing both sides of difference equation () by a(n), we obtain that
In virtue of the equalities () and (), we obtain that
After reducing the first term, we get that
and we conclude that the sequence {λ(n)} satisfies the Riccati-type equation (), and the first part of the proof is complete. http://www.advancesindifferenceequations.com/content/2013/1/82 (b) ⇒ (a): Let now {λ(n)} be a solution sequence of Riccati-type equation () for n ∈ N M such that λ(n) +  >  for all n ∈ N M . We show by direct substitution that the sequence defined by
is the positive solution of difference equation (). Completing the following transformations, we get
for n ∈ N M and the proof of Lemma  is complete. Now, we introduce an antidifference equation associated with the Riccati-type equation (), and we show in the main results that it is very useful to study the antidifference equation instead of equation ().
Lemma  Assume that conditions (H  ) and (H  ) hold. Then the following statements are equivalent.
(a) There is a solution sequence {λ(n)}, n ∈ N M , of the Riccati-type equation
Proof (a) ⇒ (b): Let the sequence {λ(n)}, defined by formula λ(n) = ω(n) for n ∈ N M , be a solution of the Riccati-type equation () for n ∈ N M with the property (). Let n ≥ M be a natural number fixed arbitrarily, and let us sum up both sides of the Riccati-type equation () from n to M  -, where M  > n. Then we get the equality
We claim that
To this end, assume the contrary statement that 
Because of the substitution (), it follows that
Since M  > M is an arbitrary large number, then the inequality
We now let M  → ∞ in (). Using inequalities () and (), we find that ω(M  ) tends to a finite limit ω ∞ . But ω ∞ must be zero because in the other case inequality () would fail to hold. These argumentations complete the first part of the proof.
(b) ⇒ (a): Assume that there is a sequence {ω(n)} which satisfies equation () for n ∈ N M , where M ≥ n  is an arbitrary natural number such that ω(n) +  >  for all n ∈ N M . Applying the difference operator to both sides of equation (), we show that the sequence {λ(n)}, defined by formula λ(n) = ω(n) for n ∈ N M , is a solution of the Riccati-type equation () for n ∈ N M , and it satisfies assumption (). The proof of the theorem is complete. Now we can formulate the main theorem.
Theorem  Assume that conditions (H  ) and (H  )
hold. Then the following statements are equivalent. http://www.advancesindifferenceequations.com/content/2013/1/82 (a) There exists a natural number M ≥ n  and there exist the real sequences {β(n)} and
and such that
for n ∈ N M and for real sequences {ξ (n)}, where
We have to show that equation () has a solution sequence {ω(n)} for n ∈ N M . To this end, using Theorem D, we prove that operator S, defined by (), has a fixed point {ω(n)}, which is a solution sequence of equation (), and obviously satisfies the estimate
is an arbitrary compact subset of the set N M . Set
It follows from assumptions () and () that the operator S, defined for {ξ (n)} ∈ F, satisfies the inequality Let the sequence of sequences {ξ p (n)} ∈ F tend to the sequence {ξ (n)}, p → ∞, uniformly on any finite interval of N M , which means this convergence is uniform for all n ∈ N , .
In virtue of the following transformations:
we obtain that
and also we obtain that the inequalities
are valid. Using the previous inequalities, we can get the following transformations:
The uniform convergence of the sequence ξ p (n) → ξ (n), p → ∞, for all n ∈ N , implies that ξ (n) -ξ p (n) < δ for sufficiently large p and n ∈ N , .
If we use the following form of δ:
, where
we obtain
We obtained that the conditions of the Schauder-Tychonoff theorem are satisfied, and hence the mapping S has at least one fixed point {ω(n)} in F. Moreover, because of the equality ω(n) = Sω(n) for n ∈ N M , we conclude that {ω(n)} is the solution sequence of equation () with the property that β(n) ≤ ω(n) ≤ γ (n) for n ∈ N M . The first part of the proof is complete.
(b) ⇒ (a): If {ω(n)} is a solution sequence of (), then taking β(n) = γ (n) = ω(n) for n ∈ N M , the conditions of Theorem  are satisfied because of the fact that ω(n) = Sω(n). The proof is complete.
Existence of positive solutions
Let the sequence {μ(n)} be such that  < μ(n) < , and set β(n) = -μ(n) and γ (n) = μ(n) in Theorem . Now we can formulate the conditions for the existence of positive solutions of equation ().
Theorem  Assume that conditions (H  )
and (H  ) hold and there exists a positive sequence {μ(n)} for n ∈ N M for some natural number M ≥ n  such that  < μ(n) <  for n ∈ N M and
holds for n large enough. Then equation () has a positive solution {a(n)} for n ∈ N M .
Proof Let the sequence {μ(n)} be given such that the conditions of the theorem hold. Since  < μ(n) < , hence - < -μ(n) <  and  <  -μ(n) < . We show that the conditions of Theorem  are satisfied with β(n) = -μ(n) and γ (n) = μ(n) for n large enough. Let {ξ (n)} be a real sequence such that |ξ (n)| ≤ μ(n). Because of the property that
Because of assumption () and some transformations, it follows that Now we would like to find the sequence {μ(n)} in the form μ(n) =
A n
, where A is some constant. Since Remark  The result of Corollary  is the discrete analogue of the result presented in Theorem B and at the same time generalizes the result given in Theorem C for secondorder linear difference equations with variable delays.
